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Three-Dimensional Fluid Flow Calculations
Using a Flux-Spline Method
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This paper reports the application of a flux-spline method to three-dimensional fluid flow problems. The
performance of the method is compared to that of a first-order differencing scheme. The numerical results are
compared with a reference solution available in the literature. The flux-spline scheme is shown to be significantly
more accurate than the first-order schemes. For a prescribed accuracy, the flux-spline scheme requires a much

smaller number of grid points.

Nomenclature
a = convection-diffusion coefficient
J = total flux of ¢ because of convection and
R diffusion
J = flux-spline contribution to the total flux
Jor Iy J2 = x, y, and z components of J
S = source term
u,v,w = velocity components in x, y, and z
directions
X,¥,2 = Cartesian cordinates
r = diffusion coefficient
u = fluid viscosity
o = fluid density
o) = dependent variable
Subscripts
b.e,n,s,t,w,ww = control-volume face quantities
E.PW = grid points (see Figs. 1 and 2)

Introduction

HE use of first-order upwind schemes for the differencing

of the convective terms in the equations governing fluid
flow and related phenomena introduces significant numerical
error (false diffusion) in the numerical solution.! The presence
of false diffusion makes an accurate modeling of complex
recirculating flows very difficult, as it may completely mask
the effects of physical diffusion. The problem of false diffu-
sion may also cause difficulties in the evaluation of various
physical models, since the resulting numerical solution does
not purely reflect the outcome of the physical model embodied
in the computational procedure. .

Received Nov. 9, 1988; revision received June 14, 1989. Copyright
© 1989 American Institute of Aeronautics and Astronautics, Inc. All
rights reserved.

*Senior Research Scientist; Combustion Research, Allison Gas Tur-
bine Division.

tProfessor, Department of Mechanical Engineering.

}Chief, Combustor R&D, Allison Gas Turbine Division.

The lower-order upwind schemes are based on a one-dimen-
sional flux balance.! Consequently, these schemes cannot re-
spond to the effects of lateral transport, flow skewness, and
sources. The resulting errors (false diffusion) can, in principle,
be reduced to negligible levels by using a fine grid. However,
the necessary degree of grid refinement is often impractical

The flux-spline scheme* has been applied to a variety of
two-dimensional flows, both linear and nonlinear, and has
been shown to be superior to the lower-order schemes. The
purpose of this paper is to demonstrate the accuracy of the
flux-spline scheme for three-dimensional recirculating flows.
For this purpose, laminar flow in a lid-driven cubic cavity has
been computed.

The results from the flux-spline scheme have been compared
with an accurate numerical solution available in the literature.
For reference, results from the lower-order power-law differ-
encing scheme! have also been included.

Mathematical Formulation
The calculation procedure used in this study is based on the
primitive variable formulation of the Navier-Stokes equations.
The conservation equations are discretized using a control-vol-
ume approach. The procedure is described in detail in Ref. 1.
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Fig. 1 Control volume around grid point P.
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The conservation equations for all dependent variables may
be expressed in the following general form:

a a a
axJX+5;Jy+é;Jz—S Q)

where Jy, J,, and J, are the total (convection and diffusion)
fluxes, defined by

—oné—T2®

Jy=pu¢—-T ax (2a)
T 22

Jy=pv¢-T 3y (2b)
—owé—T ¢

J;=pwed—-T 3z (2¢)

The integration of Eq. (1) over the control volume surround-
ing the grid point P (Fig. 1) gives

(Jx,e —Jx,w)AyAz + (Jy,n _Jy,s)AXAz
+(Jy s =T p)Ax Ay = SAx Ay Az 3)

A discretization scheme is needed to relate the flux at each
control-volume face to the values of the dependent variable at
the neighboring grid points. The results presented in this paper
have been obtained using the power-law differencing scheme
and flux-spline scheme. A brief description of these schemes is
presented next.

Power-Law Differencing Scheme

This scheme is based on a curve fit to the exact solution of
the one-dimensional convection-diffusion equation without a
source. Since this formulation is based on a purely one-dimen-
sional flux balance, it leads to significant numerical errors in
the presence either of strong source terms, or of crossflow
gradients in multidimensional flows coupled with the grid-to-
flow skewness. The flux-spline scheme includes these effects in
the interpolation profile between the grid points.

Flux-Spline Scheme

The flux-spline scheme considered here is based on the as-
sumption that within a control volume the total flux in a given
direction varies linearly along the coordinate direction. For
example, the flux in the x direction for the control volume
around the grid point P (Fig. 2) is given by

Jye —J,
x,e W

3
Jo=pus—T 2 g+ e

o @

The integration of Eq. (4) leads to the following expression-
for the variation of ¢ in the x direction

¢=a +b explpux/T)+cx &)

where the constants @, b, and ¢ for a given control volume can
be expressed in terms of J, ., Jy,, and ¢p.

Equation (5) gives the variation of ¢ within a control vol-
ume. For two adjacent control volumes, the ¢ profiles are such
that they imply the same total flux at the common interface. In

‘|"' Jx,ww

WWwW ;
!
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Fig. 2 One-dimensional situation.
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addition, these profiles must also give a unique value of ¢ at
the common interface. This continuity-of-¢ (spline continuity)
condition for the interface between grid points W and P can be
expressed as

Jx,w = (Dx,w¢W _Ex,w¢’P) + Bx,w(Jx,w - Jx,e)
+ Cx,w(-]x,w - Jx,ww) (6)

Here the expression (D, ,¢w —E.,®p) is identical to that ob-
tained from the lower-order exponential scheme (e.g., Ref. 1)
that is based on the assumption that the total flux is uniform
within a control volume. The extra terms involving B, and C,
result from the linear variation of flux. For ease of presenta-
tion, Eq. (6) is rewritten as

Jx,w = (Dx,w¢W "‘Ex,wd)P) + jx,w (7)

It should be noted that the additional terms, such as ."Ix,w,
involve the differences in flux values at adjacent faces of the
control volume. That there is a difference in flux indicates
the presence of a source term and/or multidimensionality. (A
change of flux in one direction is felt as a source term in
another direction.)

Similar expressions can also be derived for fluxes in other
coordinate directions. Substituting these expressions in Eq. (3)
and utilizing the discrete form of the continuity equation, the
following discretization equation for ¢ is obtained:

apdp = Lan,onp + b+ S (8)

The values of the influence coefficients a,, are identical to
the coefficients obtained from the exponential scheme. The
contribution of the flux-spline formulation is contained in the
term S, which is given by

S= (:7x,w - jx,e)AyAz + (jy,s - -7y,n)AXAZ
+ (7z,b _'7z,t)AXAy (9)

A three-dimensional situation is governed by four field var-
iables: ¢, Jy, J,, and J,. The four sets of equations that de-
termine these variables are 1) the conservation equation for ¢;
2) the spline-continuity condition in the x direction; 3) the
spline-continuity condition in the y direction; and 4) the spline-
continuity condition in the z direction.

The solution of these equations is obtained in an iterative
manner. In the beginning, J,, 7,, and J; are set equal to zero;
then the conservation equation for ¢ reduces to the lower-or-
der formulation and can be easily solved. The solution leads to
new estimates for the fluxes J,, J,, and J; from which new
I .7y , and J_ can be calculated. The ¢ equation is now solved
with the flux-spline contribution to the source term. This pro-
cess is repeated until convergence is achieved.

The coupling between the continuity and momentum equa-
tions is handled using the SIMPLER algorithm.! The steps
involved are identical to those for the lower-order formulation
(e.g., Ref. 1). Complete details of the flux-spline scheme are
available in Refs. 4 and 9.

Results and Discussion

To assess the performance of the flux-spline scheme, com-
putations have been made for laminar flow in a lid-driven
cubic cavity.

The physical situation considered here is shown in Fig. 3.
The governing equations have been solved for half of the cubic
box, since the flow is symmetric about the z =0.5 plane. The
boundary conditions for this problem are as follows. The ve-
locity components are specified on all walls. At the symmetry
plane, the normal component of velocity and the normal gradi-
ents of other velocity components are zero. For a given geo-
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Fig. 3 Cubic cavity flow configuration. X
Fig. 5 The V-velocity profile on the horizontal centerline of
z=0.5 plane.
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o | the 32x32x 17 grid is comparable to that of the reference
= solution obtained on a much finer grid. Thus, to the extent
| that the reference solution is correct, these comparisons estab-
Q| lish the higher accuracy of the flux-spline scheme. The preced-
e ing calculations presented above were started from zero veloc-
> r ity and pressure fields. The calculations were terminated when
s o REFERENCE the summed normalized residual in each equation was below
I _ FLUX-SPLINE 22X22X12 | 10~4. During the coefficient update, an underrelaxation factor
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o mm— required by the power-law and flux-spline schemes were 125
IS T3 SUNURNERFEN R NS and 145, respectively. The corresponding execution times
-0.5 0.0 0.5 1.0 (CRAY-XMP) are 255 and 320 s respectively.

Fig.4 The U-velocity profile on the vertical centerline of z = 0.5.

metrical configuration, the flow is characterized by the Rey-
nolds number (Re =pU,L/u). Here results have been ob-
tained for a Reynolds number of 4 x 102

This problem was solved using two grids—22x22x12
(x,y,z) and 32x32x17. The grid spacing was uniform for
both grids. The results of present calculations are compared
with the numerical solution of Ku et al.!® obtained using a
pseudospectral method (25 x 25 X 13 mode). For a two-dimen-
sional problem at Re = 4 x 102, the 25 x 25 solution of Ku et al.
compares well with the grid-independent solution of Ghia et
al.,'! who employed the second-order upwind differencing
scheme on a 129 x 129 finite-difference grid. Since the flow
considered is laminar, there are no uncertainties regarding
mathematical models and a grid-independent numerical solu-
tion is an accurate discrete representation of the exact solution.
The solution of Ku et al. has been taken as the reference in this
paper. The performance of flux-spline and power-law schemes
is evaluated by comparing their results on different grids
against this reference solution. The accuracy of a numerical
solution is judged by its closeness to the reference solution.

Figures 4 and 5 show the profiles of  component of velocity
on the vertical centerline and v component on the horizontal
centerline of the symmetry plane z =0.5. For a given grid, the
flux-spline results are closer to the reference solution than the
power-law results. In particular, the flux-spline scheme pre-
serves the regions of steep velocity gradients; the use of the
power-law scheme leads to. smeared profiles indicating the
presence of excessive numerical diffusion. It is noted that the
coarse grid (22 x 22 x 12) flux-spline solution is more accurate
than the fine grid (32 x 32 X 17) power-law solution. This indi-
cates that, for a prescribed accuracy, the flux-spline scheme
requires much fewer number of grid points than the power-law
scheme. Further, the accuracy of the flux-spline solution on

Concluding Remarks

In this paper, the flux-spline method has been applied to a
three-dimensional fluid flow problem. For a fixed number of
grid points, this scheme has been shown to be significantly
more accurate than the lower-order schemes. The use of the
flux-spline scheme leads to an accurate prediction of the com-
plex flowfield even on a rather coarse grid.
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Candidates Solicited for J4 Editor-in-Chief Post

On January 1, 1991, AIAA will appoint an Editor-in-Chief of its Journal of Aircraft (JA)
for a three-year term and solicits candidates for this prestigious editorial post.

Several goals have been established for JA beginning in FY’91:

® To serve the largest primary interest group of AIAA members—the field of aeronautics. Many of the technical
areas listed in the scope (printed below) are not currently represented in the contents of the journal.

¢ To increase by 50% the number of papers published in J4 by the end of FY’91 (with no reduction in quality).
* To make JA the first choice of submitting authors.

® To increase significantly the number of foreign papers published, particularly from Western Europe and Japan.
The USSR is moving up quickly in many areas. Emphasis should be given to research that is more advanced than
that in the United States.

We are soliciting applications for the Editor-in-Chief position because of these major changes in the goals for JA.
The term of the current Editor-in-Chief, Thomas M. Weeks, expires on December 31, 1990. Dr. Weeks has been invited
to apply.

The person recommended by the selection committee must convince them of his/her desire and ability to meet the
goals outlined above.

The selection committee will be chaired by Allen E. Fuhs, former Vice President—Publications and J4 Editor-in-
Chief. Other members of the committee include Roy Lange, Daniel Raymer, and Charles Sprinkle.

To apply for the editorship, submit four copies of an application citing qualifications, your objectives for the jour-
nal, and how you will meet the above goals. Send them to

Dr. Allen E. Fuhs

¢/0 Norma J. Brennan

AIAA Headquarters

370 L’Enfant Promenade, S.W.
Washington, DC 20024-2518

The deadline for applications is June 1, 1990. The selection committee will recommend a candidate by August 1 for ap-
proval by the ATAA Board of Directors later in August.

JA now has the following scope:

“This Journal is devoted to the advancement of the science and technology of airborne flight through the dissemina-
tion of original archival papers describing significant advances in aircraft, the operation of aircraft, and applications of
aircraft technology to other fields. The Journal publishes qualified papers on aircraft systems and advanced concepts in
aircraft design, flight mechanics, flight testing; flight safety, weather hazards, human factors, airport design, airline
operation; air traffic control; application of computers to aircraft; aircraft-oriented information systems; production
methods; engineering economic analyses; reliability, maintainability, and logistics support; the integration of propul-
sion and control systems into aircraft design and operations; aircraft aerodynamics, structural design, and testing. It
covers papers on general aviation; military as well as civilian aircraft; ground-effect machines; STOL and V/STOL air-
planes; and supersonic, transonic, and hypersonic airplanes. Papers also are sought which definitively review the results
of recent technical work from the standpoint of practical engineering.”’

Duties of the Editor-in-Chief encompass the following: Foreseeing and stimulating major contributions to the jour-
nal, with assistance from Associate Editors and an Editorial Advisory Board; logging in, acknowledging, and apprais-
ing submitted manuscripts; checking their general quality, importance to the technical community, and compliance
with editorial specifications; assigning them to Associate Editors for processing; arbitrating editorial disputes; tracking
manuscripts and Associate Editor actions via computer.

The post carries an honorarium of $275 per month and reimbursement for certain allowable expenses.

Address questions about editing procedures or other factors connected with duties to Norma Brennan, AIAA Direc-
tor, Editorial and Production Departments (202-646-7482).

Questions concerning policy may be directed to me in writing at the following address: Dr. Billy M. McCormac,
AIAA Vice President—Publications, 91-01/B282, Lockheed R&DD, 3251 Hanover Street, Palo Alto, CA 94304.
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